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First, we provide the details of the determinant quantum Monte Carlo (DQMC) method employed to calculate the observables
in the ground state and those for the driven dynamics (Supplementary Note 1). Second, we present the structure factors and
correlation-length ratios for charge density wave (CDW), spin density wave (SDW), and superconductivity (SC) orders. These
results demonstrate the absence of phase transitions to CDW, SDW, and SC order (Supplementary Note 2). Third, we also show
examples of how the single-particle gap is determined (Supplementary Note 3). Finally, we present the weighted nonlinear
least-squares method for finite-size scaling analysis, which is used to fit the numerical data and obtain the critical point 𝐽c and
correlation-length exponent 𝜈 (Supplementary Note 4).

SUPPLEMENTARY NOTE 1: DETERMINANT QUANTUM MONTE CARLO

In this paper, we use DQMC to study the ground state properties and nonequilibrium processes in interacting fermion sys-
tems. The ground state expectation value of an observable 𝑂̂ can be obtained by projecting a trial wave function |Ψ𝑇 ⟩ along
the imaginary time axis. When the projection time Θ is long enough, the trial initial state can be projected to the ground state,
|Ψ0⟩ ∝ lim

Θ→∞
𝑒−Θ𝐻̂ |Ψ𝑇 ⟩. The expectation value of the ground state observables can be expressed as follows:

⟨𝑂̂⟩ = ⟨Ψ0 |𝑂̂ |Ψ0⟩
⟨Ψ0 |Ψ0⟩

= lim
Θ→∞

⟨Ψ𝑇 |𝑒−Θ𝐻̂𝑂̂𝑒−Θ𝐻̂ |Ψ𝑇 ⟩
⟨Ψ𝑇 |𝑒−2Θ𝐻̂ |Ψ𝑇 ⟩

. (S1)

In this work, we set 2Θ = 2𝐿 + 6 to guarantee the convergence to the ground state.
To accurately implement the projection, the Trotter decomposition is used to discretize the imaginary time. The form of the

Trotter decomposition is:

𝑒−Θ𝐻̂ = (𝑒−Δ𝜏𝐻̂𝐼 𝑒−Δ𝜏𝐻̂𝑡 )𝑀 , (S2)

where Δ𝜏 = Θ
𝑀 is set to 0.025, which is small enough to guarantee numerical convergence.

In addition, the Hubbard-Stratonovich (HS) transformation is required to decouple the fermionic interaction. To apply the HS
transformation, the interaction term of the model is written as follows:

𝐻̂𝐼 = 𝐽
∑
𝑖

𝑺𝑖,1 · 𝑺𝑖,2 =
∑
𝑖

𝐽

4
[(𝑆𝑧𝑖1 + 𝑆𝑧𝑖2)

2 + (𝑆𝑥𝑖1 + 𝑆𝑥𝑖2)
2 + (𝑆𝑦𝑖1 + 𝑆

𝑦
𝑖2)

2 − (𝑆𝑧𝑖1 − 𝑆𝑧𝑖2)
2 − (𝑆𝑥𝑖1 − 𝑆𝑥𝑖2)

2 − (𝑆𝑦𝑖1 − 𝑆
𝑦
𝑖2)

2] . (S3)

In the simulation, for a single term in Eq. (S3), we use the discrete HS transformation [1]:

𝑒Δ𝜏𝑊𝑂2
=

∑
𝑙=±1,±2

𝛾(𝑙)𝑒
√
Δ𝜏𝑊𝜂 (𝑙)𝑂 + O(Δ𝜏4), (S4)

where 𝑊 = 𝐽/4 and 𝑂 denotes the quadratic term in Eq. (S3), 𝛾(𝑙) and 𝜂(𝑙) have the following values: 𝜂(±1) = ±
√

2(3 −
√

6),

𝜂(±2) = ±
√

2(3 +
√

6), 𝛾(±1) = 1 +
√

6/3, 𝛾(±2) = 1 −
√

6/3.
After the HS transformation, the interaction term is expressed as:

𝑒−Δ𝜏𝐻̂𝐼 =
∏

𝜎1=𝑥,𝑦,𝑧


∑

𝑙
𝜎1
1 =±1,±2

𝛾(𝑙𝜎1
1 )𝑒ℎ̂

𝜎1
1

 ×
∏

𝜎2=𝑥,𝑦,𝑧


∑

𝑙
𝜎2
2 =±1,±2

𝛾(𝑙𝜎2
2 )𝑒ℎ̂

𝜎2
2

 , (S5)

where ℎ̂𝜎1
1 =

√
Δ𝜏𝐽
4𝜂 (𝑙𝜎1

1 )(𝑆𝜎1
𝑖1 − 𝑆𝜎1

𝑖2 ),ℎ̂𝜎2
2 = 𝑖

√
Δ𝜏𝐽
4𝜂 (𝑙𝜎2

2 )(𝑆𝜎2
𝑖1 + 𝑆𝜎2

𝑖2 ). Then, using DQMC, we can calculate the physical
observables.
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For the driven dynamics, we need to prepare an appropriate initial state |Ψ0⟩ and then linearly vary the interaction strength 𝐽
with imaginary time. In this work, we prepare the DSM initial state with 𝐽0 = 0 and drive the system to cross the critical point
by changing 𝐽 as 𝐽 = 𝐽0 + 𝑅𝜏. The expectation value of the observable 𝑂̂ is:

⟨𝑂̂ (𝜏)⟩ = ⟨Ψ(𝜏) |𝑂̂ |Ψ(𝜏)⟩
⟨Ψ(𝜏) |Ψ(𝜏)⟩ (S6)

=
⟨Ψ0 |𝑒−Θ𝐻̂𝑈† (𝜏, 0)𝑂̂𝑈 (𝜏, 0)𝑒−Θ𝐻̂ |Ψ0⟩

⟨Ψ(𝜏) |Ψ(𝜏)⟩ , (S7)

where |Ψ(𝜏)⟩ = 𝑈 (𝜏, 0) |Ψ0⟩, with 𝑈 (𝜏, 0) = T 𝑒−
∫ 𝜏

0 𝑑𝜏′𝐻 (𝜏′ ) and T represents the time-ordering operator.

SUPPLEMENTARY NOTE 2: THE RESULTS OF STRUCTURE FACTORS AND CORRELATION-LENGTH RATIOS

In the main text, we present the results for the correlation-length ratio of the EC order, based on the corresponding structure
factor defined as 𝑆EC ≡ 𝐿−2𝑑 ∑

𝑖, 𝑗 (−)𝑖+ 𝑗
⟨(
𝑐†
𝑖↑1𝑐𝑖↑2 + 𝑐†

𝑖↓1𝑐𝑖↓2

) (
𝑐†
𝑗↑1𝑐 𝑗↑2 + 𝑐†

𝑗↓1𝑐 𝑗↓2

)⟩
𝑒i𝒒 · (𝒓𝑖−𝒓 𝑗 ) , where 𝑖 ( 𝑗) is even (odd) for

sublattice A (B) and 𝒒 = 0. Here, we supplement the results for the structure factors of other potential long-range orders and the
corresponding correlation-length ratios. The structure factor is defined as follows:

𝑆(𝒒) ≡ 1
𝐿2𝑑

∑
𝑖, 𝑗

⟨𝐴𝑖𝐴 𝑗⟩𝑒i𝒒 · (𝒓𝑖−𝒓 𝑗 ) , (S8)

where 𝐴𝑖 (𝐴 𝑗 ) denotes the field operator and 𝒒 is the momentum. We calculate the structure factors for CDW, SDW and SC orders
at 𝒒 = 0 as shown in Fig. S1 (a)-(c). Their field operators are defined as [2]:

𝐴CDW (𝑖) ≡ (−)𝑖
∑
𝑙

(𝑐†
𝑖↑𝑙𝑐𝑖↑𝑙 + 𝑐†

𝑖↓𝑙𝑐𝑖↓𝑙), (S9)

𝐴SDW(𝑖) ≡ (−)𝑖
∑
𝑙

(𝑐†
𝑖↑𝑙𝑐𝑖↑𝑙 − 𝑐†

𝑖↓𝑙𝑐𝑖↓𝑙), (S10)
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FIG. S1. Exclusion of CDW, SDW, and SC orders. The results of the structure factors (a)-(c) and correlation-length ratios (d)-(f) for CDW,
SDW and SC as a function of 𝐽 is shown for different system sizes. The lack of crossings in the curves of the correlation-length ratio suggests
that no phase transition to long-range CDW, SDW, and SC order occurs.
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FIG. S2. The extrapolated results of the structure factors for CDW, SDW, and SC. The structure factors for 𝐽 > 𝐽c are extrapolated as a
function of 𝐿−1, and the extrapolated values tend to zero within the error bar in the thermodynamic limit.

𝐴SC (𝑖) ≡ 𝑐†
𝑖↑1𝑐

†
𝑖↓2 − 𝑐†

𝑖↓1𝑐
†
𝑖↑2, (S11)

where 𝑙 = 1, 2 represents the index of the layer and 𝑖 is even (odd) for sublattice A (B).
In addition, in Fig. S1 (d)-(f) we show the correlation-length ratio of different system sizes, which is defined as:

𝑅(𝐿) ≡ 𝑆(𝒒, 𝐿)
𝑆(𝒒 + Δ𝒒, 𝐿) − 1, (S12)

where Δ𝒒 = ( 2𝜋
𝐿 , 2𝜋

𝐿 ). The correlation-length ratios for CDW, SDW, and SC orders as a function of 𝐽 are shown for different
system sizes in Fig. S1 (d)-(f). The lack of crossings in these curves suggests that no phase transition to long-range CDW, SDW,
and SC order occurs.

To further investigate whether spontaneous symmetry breaking occurs, we compute the structure factors of CDW, SDW, and
SC orders for different system sizes in the region of 𝐽 > 𝐽c, and the extrapolations of these structure factors to the thermodynamic
limit are shown in Fig. S2 (a)-(c). All extrapolated values tend to zero within the error bar. These results suggest the absence of
long-range order corresponding to CDW, SDW, and SC during the phase transition.

SUPPLEMENTARY NOTE 3: SINGLE-PARTICLE GAP FROM IMAGINARY-TIME GREEN’S FUNCTION
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FIG. S3. Determination of single-particle gap. ln𝐺 (𝑲, 𝜏) as a function of imaginary time 𝜏. (a) For 𝐽 = 2.4 in the DSM phase, the single-
particle gaps are determined to be Δsp = 0.146(1) for 𝐿 = 9 and 0.099(1) for 𝐿 = 12. The red dashed line and blue dashed line represent the
fitted lines for 𝐿 = 9 and 𝐿 = 12, respectively. (b) For 𝐽 = 2.68 in the SMG phase, the single-particle gaps are determined to be Δsp = 0.259(2)
for 𝐿 = 9 and 0.206(2) for 𝐿 = 12. The red dashed line and blue dashed line represent the fitted lines for 𝐿 = 9 and 𝐿 = 12, respectively.

As discussed in the main text, the single-particle gap Δsp can be obtained from the imaginary-time Green’s function 𝐺 (𝑲, 𝜏).
For sufficiently large 𝜏, 𝐺 (𝑲, 𝜏) satisfies 𝐺 (𝑲, 𝜏) ∝ 𝑒−Δsp (𝑲 )𝜏 .

Fig. S3 (a) and (b) show ln𝐺 (𝑲, 𝜏) as a function of imaginary time 𝜏 for different system sizes at 𝐽 = 2.4 in the DSM phase and
𝐽 = 2.68 in the SMG phase, respectively. By performing a linear fit to ln𝐺 (𝑲, 𝜏), the single-particle gaps Δsp are determined
as 0.146(1) and 0.099(1) for 𝐿 = 9 and 𝐿 = 12 at 𝐽 = 2.4, respectively. Following the same procedure, at 𝐽 = 2.68, the
corresponding values of Δsp for 𝐿 = 9 and 𝐿 = 12 are 0.259(2) and 0.206(2), respectively.
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SUPPLEMENTARY NOTE 4: FINITE-SIZE SCALING ANALYSIS OF 𝐿𝑧Δsp

In this work, we use weighted nonlinear least-squares fitting to determine the critical point 𝐽c and the correlation-length expo-
nent 𝜈. Within the critical region, 𝐿𝑧Δsp satisfies the scaling relation

𝐿𝑧Δsp = F
(
(𝐽 − 𝐽c)𝐿1/𝜈 ) . (S13)

To perform the finite-size scaling fit, we expand the scaling function F as a polynomial in its argument:

𝐿𝑧Δsp =
𝑛∑
𝑖=0

𝑐𝑖
(
(𝐽 − 𝐽c)𝐿1/𝜈 ) 𝑖 , (S14)

with polynomial order 𝑛 = 2, where 𝑐𝑖 are the fitting coefficients.
Using this polynomial form as the fitting model, we carry out weighted nonlinear least-squares fitting by minimizing the 𝜒2

residual,

𝜒2 =
∑

all data

(
𝐿𝑧Δdata

sp − 𝐿𝑧Δfit
sp
)2

𝜎2 (𝐿𝑧Δdata
sp )

, (S15)

where 𝐿𝑧Δdata
sp denotes the DQMC data and 𝐿𝑧Δfit

sp is the corresponding fit value. 𝜎
(
𝐿𝑧Δdata

sp
)

denotes the standard error of the
mean of the corresponding DQMC data. We use system sizes 𝐿 = 9, 12, 15, 18 for the fitting, over the range 2.48 < 𝐽 < 2.58.
To assess the quality of the fit, we evaluate the reduced chi-square, defined as 𝜒2

r ≡ 𝜒2/𝑁df , where 𝑁df = 𝑁data − 𝑁params is the
number of degrees of freedom. Here 𝑁data is the total number of data points, and 𝑁params is the number of fitting parameters. We
obtain 𝜒2

r ≈ 1.26 confirming that the model describes the data well within the statistical uncertainties.
The quoted uncertainties for 𝐽c = 2.584(4) and 𝜈 = 1.025(59) are the standard deviations of the fitted parameters, obtained

from the covariance matrix of the nonlinear least-squares fit. The covariance matrix 𝑪 is given by

𝑪 =
(
J𝑇𝑾J

)−1
, (S16)

where J is the Jacobian matrix evaluated at the optimal parameters, and𝑾 is the diagonal weight matrix with entries𝑊𝑘𝑘 = 1/𝜎2
𝑘 ,

where 𝑘 indexes the data points and 𝜎𝑘 is the corresponding statistical error. The standard deviation of each fitted parameter 𝑝𝑖
is given by the square root of the corresponding diagonal entry of 𝑪:

𝜎𝑝𝑖 =
√
𝐶𝑖𝑖 , (S17)

where 𝐶𝑖𝑖 is the corresponding diagonal entry of 𝑪.
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