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Quantum criticality within Dirac fermions harbors a plethora of exotic phenomena, attracting sustained
attention in the past decades. Here, we explore the imaginary-time relaxation dynamics in a typical Dirac
quantum criticality belonging to chiral Heisenberg universality class. Performing large-scale quantum
Monte Carlo simulation, we unveil rich nonequilibrium critical phenomena from different initial states. In
particular, we identify a nonstationary initial slip evolution characterized by an unconventional negative
critical exponent € = —0.84(4), corroborating the significant impact of fermionic critical fluctuations.
Furthermore, we generalize the nonequilibrium scaling theory to incorporate both fermionic and bosonic
critical modes, capturing their distinct relaxation behaviors. Armed with the scaling theory, we establish a
new framework to investigate fermionic quantum criticality based on short-time dynamics, paving a
promising avenue to fathoming quantum criticality in diverse fermionic systems with high efficiency.
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Introduction—Quantum phase transitions, describing
abrupt changes in ground states of quantum systems, are
central topics in modern physics [1]. A prominent example
is the interaction-driven quantum criticality in Dirac sys-
tems. Such transitions were originally discussed in high-
energy physics to mimic chiral symmetry breaking and
spontaneous mass generation [2]. Recently, owing to the
inspiring experimental advances in graphene [3] and
topological materials [4,5], quantum criticality in Dirac
fermions has garnered increasing interest in condensed
matter physics. Vast efforts have been made in this field,
including sophisticated renormalization group analyses
[6-17], conformal bootstrap [18], quantum Monte Carlo
simulation [19-33], and the tensor network method
[34,35], resulting in tremendous achievements. It has been
shown that fluctuations from gapless Dirac fermions
enormously fertilize the fundamental research of quantum
criticality, not only contributing to the Gross-Neveu fixed
point [6-52], which is among the simplest examples of
quantum critical points that do not exhibit classical analogs,
but also yielding a profound mechanism for the Landau-
forbidden quantum criticality [53-59].

On the other hand, universal critical phenomena are
manifested not only in the long-time equilibrium states
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but also in short-time nonequilibrium processes [60—64].
For instance, in classical systems, the relaxation dynamics
shows a nonstationary initial slip evolution in the short-time
stage, and an additional critical initial slip exponent, which
is usually positive, is required to describe this phenomenon
[65—67]. Similar short-time scaling behaviors also arise in
real-time critical dynamics in quantum systems [68—75]. In
particular, in Dirac systems, the field theory predicted that
fluctuations from the Dirac fermions can induce a negative
critical initial slip exponent [73].

Aside from the real-time dynamics, imaginary-time
dynamics in quantum systems is also of great interest
and significance. As a routine unbiased approach to
identifying the ground state, the imaginary-time evolution
works extensively in numerical simulations, such as quan-
tum Monte Carlo (QMC) and tensor networks. Near a
quantum critical point (QCP), it was shown that the
imaginary-time critical dynamics (ITCD) demonstrates
colorful universal scaling behaviors [76-79]. So far, the
ITCD has been studied in various quantum systems,
providing an abundance of intriguing perspectives in the
field of quantum criticality [79-86].

Moreover, the imaginary-time dynamics also finds its
practical applications in fast-developing quantum program-
mable devices including quantum circuits simulating fer-
mionic systems [87-89], partly spurred by the recent
availability of noisy intermediate-scale quantum hardware
and Rydberg atomic systems, to explore various exotic
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quantum phases [90-93]. As a win-win case, these quan-
tum devices also provide platforms to experimentally
realize ITCD and demonstrate its power in determining
the critical properties with high efficiency and scalability,
circumventing difficulties induced by critical slowing down
and divergent entanglement in conventional methods based
on equilibrium scaling [94].

However, nonequilibrium dynamics in Dirac quantum
criticality remains largely unexplored. This kind of quantum
criticality is fundamentally different from the previously
studied paradigms of ITCD [79], which feature a single type
of critical fluctuation such as bosonic order parameters. The
key difference lies in the coexistence of fermionic and
bosonic critical fluctuations in the Dirac criticality. Given
the many intriguing features of gapless Dirac fermions in
equilibrium, how these fluctuations influence nonequili-
brium dynamics is a compelling question.

Following this line of inquiry, we investigate the ITCD
of a paradigmatic Dirac-fermion QCP, namely the chiral
Heisenberg Gross-Neveu transition hosted by the honey-
comb Hubbard model [36-40]. Employing sign-problem-
free QMC simulations [95-103], we find that the system
exhibits rich dynamic scaling behaviors for different initial
states. We generalize the nonequilibrium scaling theory by
unifying the scaling of both fermionic and bosonic corre-
lations. In particular, we numerically find a negative critical
initial slip exponent arising in the ITCD, in stark contrast
to the bosonic systems, where the exponent is typically
positive. We discuss the physical connection between this
anomalous behavior and the gapless Dirac fermion fluc-
tuations, corroborating that the dynamical feature of
fermions in a real-time case [73] persists in imaginary-
time dynamics. Moreover, our scaling theory allows for
precise determination of the critical exponents of the chiral
Heisenberg Gross-Neveu transition, in agreement with
previous equilibrium studies, but using only short-time
data. The proposed framework not only provides a unified
understanding of nonequilibrium ITCD in Dirac systems
but also offers a practical and general route for investigating
critical properties in strongly correlated systems, even
enabling the efficient preemption of the sign problem in
fermionic QMC simulations [104].

Hamiltonian and dynamical protocol—To explore the
dynamic scaling in the chiral Heisenberg universality class,
we start with the Hubbard model defined on the honeycomb
lattice, characterized by the Hamiltonian [36—40],
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where c; (¢j,) represents the creation (annihilation) operator
of electrons with spin polarization o, n;, = c?acm is the
electron number operator, ¢ is the hopping amplitude
between the nearest neighbor sites, and U represents the
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FIG. 1. Phase diagram and the quench protocol in imaginary

time with different initial states. The initial states are prepared as
(i) the Dirac semimetal (DSM) phase, (ii) the saturated AFM
state, and (iii) the random spin (RS) state. All states correspond to
the fixed points of the initial states under the renormalization
group transformation.

strength of on-site repulsive interaction. As shown in Fig. 1,
when U/t < 1 the system is in the Dirac semimetal (DSM)
phase characterized by the four-component Dirac excitation
with flavor number N, = 2, whereas for large U/t > 1 the
system hosts an antiferromagnetic (AFM) phase with a finite
charge gap. A phase transition separating these two phases
happens at a finite U_./f~ 3.9 and belongs to the chiral
Heisenberg universality class [36-40]. For simplicity, we set
¢ to unity in subsequent discussions.

For the imaginary-time relaxation dynamics, the wave
function |y(z)) evolves according to the imaginary-
time Schrodinger equation —(0/07)|w(r)) = Hly(r))
imposed by the normalization condition. The formal
solution of the Schrodinger equation is given by |y(7)) =
e ™y (0))/Z(z), where Z(z) = (y(r)|w(z)) is the nor-
malization factor and [y(0)) is the initial wave function. As
illustrated in Fig. 1, we consider three kinds of initial states:
(i) the saturated AFM state, (ii) the noninteracting DSM
state, and (iii) the random spin (RS) state. In the following,
we employ the large-scale determinant QMC method to
simulate the ITCD.

General scaling theory—Generally, for an observable P
its dynamic scaling in ITCD should satisty [79,105]

P(r.g.LAXY) = 5 (g5 L2 (X)) (2)

where g = (U — U,), L is the lattice size, k is the scaling
dimension of P, v is the correlation length exponent, z is the
dynamic exponent, and z = 1 for the Dirac QCP in Eq. (1)
[This value can be determined via ITCD as discussed in
Supplemental Material (SM) [106] ]. { X} with its exponent
c represents the possible relevant variables associated with
the initial state.

Three remarks on Eq. (2) are listed as follows. (1) For
7 — 00, Eq. (2) recovers the usual finite-size scaling and
{X} becomes irrelevant. (2) All three kinds of initial states
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studied here, namely AFM, DSM, and RS, correspond to
three fixed points, respectively [114]. Thus, {X} does not
explicitly appear in Eq. (2). However, scaling functions fp
vary for different initial states. (3) We mainly focus on the
short-time scale 1 <« 7 < L* in the sense of a field theory.
This is distinct from both the long-time scale 7> L*?
required for reaching the ground state and the microscopic
ultraviolet time scale. In this window, the system enters a
nonequilibrium universal scaling regime governed by the
underlying QCP.

Relaxation dynamics with the AFM initial state—First,
we study the ITCD starting with the AFM initial state.
To illustrate the nonequilibrium scaling properties, we
explore the dynamics of the correlation-length ratio defined
as R=S(0)/S(Aq) [115], where Ag is minimum lattice
momentum and S(g) is the antiferromagnetic structure
factor S(g) = (1/L*4) ", ;=i (S785%) with §7 being
the staggered magnetization operator defined as S =

el 0%cip—Lel yoie;p and ¢ = (c;, CI)
As a dimensionless variable, R in the ITCD obeys the

following dynamic scaling form according to Eq. (2):

R(g.t.L) = fr(gL"*. 7L™), (3)

which indicates that, with a fixed zL7%, R does not depend
on the system size when g = 0, thereby providing a method
to pinpoint the critical point.

As shown in Fig. 2(a), we calculate R as a function
of U with fixed 7L=* = 0.3 for different sizes and find
that the curves almost cross at a point. Accordingly, we
determine the critical point as U, = 3.91(3) [see details in
SM [106] ]. Upon fixing U, = 3.91 into Eq. (3), we adjust
the value of v for the rescaled horizontal variable gL'/ to
make curves of different sizes collapse, yielding the value
of vasv = 1.17(7). Both values of U, and v are consistent
with those obtained from equilibrium method, albeit slight
deviations arise possibly due to the scaling corrections
[8,40]. Remarkably, significantly less effort is required as
the results are obtained in the short-time stage, and long
enough imaginary-time evolution to achieve the ground
state in the usual equilibrium method is not required here.
Moreover, Eq. (3) also provides a self-consistent way to
confirm the results. As shown in Fig. 2 and SM [106], for
different 7L 7%, consistent U, and v are obtained in a similar
way, highlighting the validity of Eq. (3).

To delve deeper into the ITCD of model (1), we study
scaling behaviors of the square of order parameter
m?* = §(0). In the following, we focus on the case with
g=0. The off-critical-point effects are discussed in
SM [106]. According to Eq. (2), for the saturated AFM
initial state, m? should satisfy [66,79]

m?(z, L) = ¥, (177, 4)
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FIG. 2. Results of correlation-length ratio R against interaction
U for various sizes during the short-time stage, with a fixed value
of zL7%. (a) Estimation of the critical point via the intersection
points of curves for 7L ™% = (0.3 (main panel) 0.34 and 0.5 (inset).
(b) Estimation of v by scaling collapse analysis of the correlation-
length ratio.

where /v is the scaling dimension of m. Note that Eq. (4)
can be transformed to m?(z, L) = L~%/*f,,(tL~%) [116]
so that the usual finite-size scaling is recovered as 7 — 0.

Figure 3(al) shows the evolution of m? for different L.
At first, as shown in Fig. 3(a2), data collapse analysis of the
results yields the exponent #/v = 0.80(3), which is close to
the result obtained via equilibrium methods [39,40]. The
collapse of rescaled results for different L into a single
curve unequivocally demonstrates the dynamic scaling
behavior with AFM as the initial state, as depicted in
Eq. (4). Moreover, as shown in Fig. 3(al), one finds that, in
the short-time stage, m? « 7=2/** and the scaling behavior
is almost independent of the system size. The underlying
reason is that the initial state is an uncorrelated state and
the correlation length & increases with time as & « 7'/%. In
the short-time stage, £ < L and the finite-size effects are
negligible, whereas in the long-time stage, £ > L and the
system enters the finite-size scaling region in which
m? o« L™2P/¥_ These results demonstrate that it is feasible
to infer critical properties in the thermodynamic limit
directly from the short-time dynamics.

Then we turn to the ITCD of the fermion correlation

defined as G(Aq)=(1/L4) S, elk+20 i)l o b with
K being the momentum at the Dirac point. According to
Eq. (2), the scaling form of G should be

G(r.L) =W/ f(sL7), (5)
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FIG. 3. Relaxation dynamics at QCP with the AFM initial state.

(a) Curves of m? versus 7 for different sizes before (al) and after
(a2) rescaling. The dashed line in (al) representing m? o 7~2//+
with /v estimated from (a2) is plotted for comparison. (b) Curves
of G versus 7 before (b1) and after (b2) rescaling. The dashed line
in (b1) represents G o 7!~"»/? with 1, estimated from (b2).

where 7, is the anomalous dimension of the fermion
operator. It was shown that G is closely related to the
quasiparticle weight Z [106], whose singularity was
observed in the fermionic criticality [117], and also scales
with 7, [106]. Moreover, the fact that G =0 at the
saturated AFM initial state dictates the absence of the
constant term in the short-time expansion of fg(zL7%).
Thus, Eq. (5) can be transformed into

G(z,L) = t""W/:L=2f 5, (zL7%). (6)

Figure 3(bl) shows the evolution of G at ¢ =0 for
different L. Data collapse analysis in Fig. 3(b2) gives
n, = 0.15(4), which is close to the result obtained via
equilibrium methods [40,107]. Moreover, Fig. 3(b1) shows
that, in the short-time stage, G « 7=/ These results not
only confirm Eq. (6) but also demonstrate that the critical
exponent for fermion correlation can be determined from
the ITCD.

Relaxation dynamics with the DSM initial state—We
proceed to explore the ITCD from the noninteracting DSM
state. For this state, it is straightforward to show that
m? o« L=, This size-dependent scaling affects the relaxa-
tion dynamics in the short-time stage, giving rise to the
dynamic scaling of m?:

m(x, L) = Lt/ f, (L), (7)
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FIG. 4. Relaxation dynamics at QCP with the DSM initial state.
(a) Curves of m? versus 7 at the critical point for different sizes
before (al) and after (a2) rescaling. The dashed line representing
m? o gd/==2/ve ig plotted in (al) for comparison. (b) Curves of G
versus 7 before (bl) and after (b2) rescaling. The dashed line in
(b1) represents G o« 7~"»/?. The critical exponents used here are
estimated from Fig. 3.

To demonstrate the dynamic scaling Eq. (7), we show in
Fig. 4(a) the evolution of m? at g = 0. In the short-time
stage, m” increases as m> o« t%/2=2$/¥* for given L, quali-
tatively different from the dynamic behavior with AFM
initial state. In addition, by rescaling m?, and 7 according to
Eq. (2) with the exponents determined in previous section,
one finds that the curves collapse onto each other. These
results reveal the dynamic scaling behavior with the DSM
initial state described by Eq. (7).

We also study the dynamics of fermion correlation G as
shown in Fig. 4(b). In the short-time stage, Fig. 4(b1) shows
that G tends toward the curve of G « 7~/ as L increases.
Moreover, the scaling collapse in Fig. 4(b2) with exponents
determined in the previous section confirms Eq. (5).

Critical initial slip with the RS initial state—Then we
study the ITCD from the RS state, for which every site has
one electron with its spin randomly distributed. With this
uncorrelated initial state, the evolution of m? and G satisfy
Eq. (7) except for a different scaling function, as discussed
in SM [106].

Furthermore, when initiating from the RS state, we
observe a universal critical initial slip behavior in the
short-time stage [65,60,79]. Intriguingly, the scaling prop-
erty of the initial slip behavior is determined by an
independent dynamic exponent #, which does not exist
in the equilibrium critical behavior. To characterize the
critical initial slip, the autocorrelation function A was
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FIG. 5. Critical initial slip manifested in the evolution of the
autocorrelation function A with the RS initial state. Curves of A
versus 7 for different sizes at the critical point before (a) and after
(b) rescaling.

introduced, defined as A= (1/L4)>",(S;(0))(S;(z)) [108],
where the overline denotes the average on the initial state
configurations. At the critical point, A obeys the following
scaling form [108]:

A(r) = w0\ (L), (8)

As shown in Fig. 5, by rescaling A and 7z according to
Eq. (8) and adjusting the trial value of the 8 to make the
rescaled curves collapse onto each other, we access the
dynamic exponent @ = —0.84(4).

The negative exponent @ is notably interesting since it is
in sharp contrast to classical criticality, where 6 is typically
positive. To illustrate the underlying physics, it is intuitive
to consider the short-time dynamics of m from an initial RS
state with a small residual magnetization m. It was shown
that m evolves as m o« mgyz? in the short-time stage [65],
governed by the competition between domain growth and
critical fluctuations. In classical systems, critical fluctua-
tions of the order parameter are not yet developed at early
times, allowing magnetic domains to grow around the m,
seeds and yielding € > 0. This scenario also holds for
the quantum Ising model [79,106], where bosonic order-
parameter correlations remain weak in the short-time stage
and the @ > O critical initial slip originates from the mean-
field tendency toward ordering [79]. By contrast, in Dirac
criticality, fermion correlations rapidly build up and equili-
brate much earlier than their bosonic counterparts (see
SM [106], Fig. S4). This may arise from the linear
dispersion and low density of states near the Dirac point,
which lead to higher characteristic energies and shorter
relaxation times than those of the bosonic modes.
Consequently, the imaginary-short-time dynamics of the
system is dominated by critical fluctuations of gapless
fermions, while magnetic ordering is suppressed, resulting
in a negative critical initial slip exponent # < 0, in analogy
to the real-time case [73].

Discussions and concluding remarks—In summary, we
perform sign-problem-free QMC simulations to investigate
the ITCD in a Dirac QCP belonging to the chiral

Heisenberg universality class. For the first time, we
extend the nonequilibrium scaling theory to Dirac sys-
tems and establish the corresponding scaling forms for
different initial states, thereby revealing rich nonequili-
brium dynamic scaling behaviors. In particular, a neg-
ative critical initial slip exponent 6= —0.84(4) is
observed in the ITCD from the RS initial state, remark-
ably different from the classical cases in which @ is
usually positive, confirming the role of fermion fluctua-
tions in relaxation dynamics [73].

Our Letter also paves a new way to decipher the critical
properties of quantum phase transitions in fermionic
systems. Compared with the usual methods tackling critical
properties in the equilibrium ground state, the nonequili-
brium method is highly efficient, since critical exponents
are accessed by the short imaginary-time evolution. More
crucially, our Letter offers a possible route to studying
fermionic QCP in the presence of sign problem, which is
the main obstacle hindering the understanding of QCP by
numerical approaches. Since the severity of sign problem
exponentially increases with imaginary time in the process
of evolution, the simulation on relatively large system sizes
usually remains accessible in the stage of short imaginary
time. Hence, it is promising to access the quantum critical
behavior even when the model under consideration is sign
problematic [104].

Moreover, inspired by the experimental realization of the
ITCD in a quantum computer platform [94] and remarkable
progresses made in fermionic quantum processors [92,93],
it is expected that our present Letter can be experimentally
realized and contribute an efficient approach to detecting
quantum criticality in these quantum devices in the near
future. In addition, it was shown that the driven critical
dynamics and the shallow sudden quench critical dynamics
are all described by the equilibrium critical exponents
[61,62,73,118,119]. Accordingly, the critical exponents
determined here are also applicable to these kinds of
dynamics in Dirac criticality [118].
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