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Phenomenological Study on Hyperchaotic Dynamics of
Fourth-order Chua’s Circuit

Yinkai Yu and Yuchen Wang
School of Physics, Sun Yat-sen University, Guangzhou 510275, China

Abstract: Compared with the results of the third-order Chua’s circuit, we establish a dimensionless
theoretical model which can describe the chaotic dynamics and non-chaotic dynamics of the fourth-
order Chua’s circuit at the same time, and observe various dynamic phases of the fourth-order Chua’s
circuit by means of numerical, simulation and experiment. Finally, we analyze the Lyapunov exponential
spectrum of the fourth-order Chua’s circuit and the bifurcation diagram of the Poincaré map, and obtain

the dynamic phase diagram of the fourth-order Chua’s circuit.

Key words: fourth-order Chua’s circuit, chaotic dynamics, Lyapunov exponent spectrum, bifurcation

diagram, phase track diagram.
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B B v A

B.1 Wolf & ;%K% Lyapunov 5%}

function [Texp, Lexp] = lyapunov(n, rhs_ext_fun, fcn_integrator, tstart, stept, tend,

< ystart, ioutp)

nl n;
n2 = nl (n1+1);

nit = round((tend-tstart)/stept);

y=zeros(n2,1);
cum=zeros(nl,1);
yo=y;

gsc=cum;

Znorm=cum;

y(1:n)=ystart(:);
for i=1:nl

y((n1+1)*i)=1.0;
end

t=tstart;

for ITERLYAP=1:nit

[T,Y] = feval(fcn_integrator, rhs_ext_fun, [t t+stept], y);
t =t stept;
y = Y(size(Y,1),:);

for i=1:n1

for j=1:mnil
yo(nl*i+j)=y(nl*j+i);

end
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end

znorm(1)=0.0;
for j=1:nil
znorm(1)=znorm(1)+y0(nl*j+1)~2;
end
znorm(1)=sqrt (znorm(1));
for j=1:mnil
yO(nl*j+1)=y0(nl*j+1)/znorm(1);
end
for j=2:mnil
for k=1:(j-1)
gsc(k)=0.0;
for 1=1:n1
gsc(k)=gsc(k)+y0(n1*1+j)*y0(nl*1l+k);
end
end
for k=1:n1l
for 1=1:(j-1)
yO (nlxk+j)=y0(nl*xk+j)-gsc(1)*y0(nixk+1);
end
end
znorm(j)=0.0;
for k=1:n1l
znorm(j)=znorm(j)+y0(nlxk+j)~2;
end
znorm(j)=sqrt(znorm(j));
for k=1:nl
y0(n1*k+j)=y0(nl*k+j)/znorm(j);
end

end

for k=1:n1
cum (k) =cum (k) +log(znorm(k)) ;

end

i
lp=zeros(ni,1); J A4
for k=1:n1
lp(k)=cum(k)/(t-tstart);

end

if ITERLYAP==
Lexp=1p;
Texp=t;
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else
Lexp=[Lexp; 1p];
Texp=[Texp; t];

end

if (mod(ITERLYAP,ioutp)==0)
fprintf ('t=%6.4f"',t);
for k=1:nl
fprintf (' %10.6f',1p(k));
end

fprintf('\n');

end
A if t==tend
4 for k=1:n1
A Z(k)=1p (k) ;
VA end
V4 end
for i=1:n1
for j=1:mnil
y(nixj+i)=y0(nl*i+j);
end
end
Wl
end
end

B.2 dEgkieaPE K H i

function hx = h(x, R)

% Rk

Ve ma = —-0.75719e-3 * R;
7 mb = -0.40875e-3 * R;
% hz = mb*z + 0.5%(ma-mb)*(abs (z+1)-abs(z-1));
X
mal = -0.30298;
mbl = 0.04545;
ucl = 0.96;
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ma2 = -0.45420;
mb2 = 4.54249;
uc2 = 6.505;

u = x * ucl;
hxl = mbl*u + 0.5*(mal-mbl)*(abs(u+ucl)-abs(u-ucl));

hx2 = mb2*u + 0.5%(ma2-mb2)x* (abs (ut+uc2)-abs(u-uc2));

hx = hxl + hx2;
hx = hx * R/ucl * 1le-3;

end

B3 it HEPRYIEL 1IN

function mx = m(x, R)

AR A Py

A ma = -0.75719e-3 * R;
VA mb = -0.40875e-3 * R;
VA hz = mb*xz + 0.5%(ma-mb)* (abs (x+1)-abs(z-1));

mal = -0.30298;
mbl = 0.04545;
ucl = 0.96;

ma2 = -0.45420;
mb2 = 4.54249;
uc2 = 6.505;

u = x * ucl;

if abs(x) < ucl
mxl = mal;
else
mx1l = mbil;

end

if abs(x) < uc2
mx2 = ma2;
else
mx2 = mb2;

end



30

31

32

33

34

1

2

3

4
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mx mx1l + mx2;

mx mx * R/ucl * 1le-3;

end

B4 Z=HMTERBBLENLLE

function dy = chua3(t, y)
global ratio

R = 2e3 * 0.01 * ratio; % T ®[aaya ok
dy = zeros(3,1); 7 (z,y,2)
= 10; 7
b = R72 * 100e-9 / 20e-3; /
hx = h(y(1), R); 7 h(z)
¢ =hx / yQ); 4 #a ljp ZX8FA ¢
= R/60;
4 g2 = 0.05;
J = [ —ax(1+c), a, O;
1, -1, 1;
0, ~-b, 01; %%, J % Jacobi #E[%, ljp HHy R,

N2
Q
~

end

B5 Z=HETEKRBENE

format long
tspan = 0:1e-3:100;
/4 tspan = 0:1e-1:10000;

% yo = [7.045, 6.35, 11.3, -0.4114]"'; 7 1>
% yo = [-6.8, 0, 6.6, -0.18]"'; } K

yo = [1, 0, 0]'; % 1%
% y0 = [-1.304260264359203 =-0.000203087732367  0.043343573728164 -0.035852955611932]; 7 "Ril+
global ratio

2 A [1, 0, 0, 0]

% ratio = 83.7; J MR 5|F
% ratio = 89.3; 7 &% FM
% ratio = 94; % #Rj5|F
% ratio = 96; % JfEEJEHA

% ratio = 99) Z K//Ck(‘
% ratio = 50; 7 ARIRIT

2

ratio = 0; J A&
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32
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34

35

36

37

38

39
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A ratio = 50; J RIRIR
VYRR ESS [—1.304260264359203 -0.000203087732367 0.043343573728164 -0.035852955611932]

A ratio = 91.9; J 1ZREM
4 ratio = 74; % WIRIR

% ratio = 0; J A%

4 ratio = 75; J MR F|F
% ratio = 93.5; J EIZSAM
% ratio = 94.6; X EIEJE A
% ratio = 94; J FRi|T
% ratio = 98.29; ) % #

ratio = 84;

Z zy

4 ratio = 102+-0.2;

[t, y] = ode45('chual’', tspan, y0);
plot(y(10000:end, 1), y(10000:end,2),"LineWidth",2)
xlabel('u_1 (V')

ylabel('u_2 (V)')

A zyz

plot3(y(:,1), y(:,2), y(:,3))
xlabel('x")

ylabel('y"')

zlabel('z")

A% Tyw

A plot3(y(:,1), y(:,2), y(:,4))
% zlabel('z')
% ylabel('y')
4 zlabel('w')

AL yzw

A plot3(y(:,2), y(:,3), y(:,4))
% zlabel('y')

4 ylabel('z')

% zlabel ('w')

An zw

A plot(y(:,3), y(:,4))
/A xlabel('z")

4 ylabel ('w')

A Yz
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& plot(y(:,2), y(:,3))
o xlabel('y")

s ylabel('z")

66

& /) T2

6 plot(y(:,1), y(:,3))
e xlabel('x')

0 ylabel('z")

71

n J Xzt yt zt wt

» 4 plot(t,y)

u ) legend(['z';'y';'z"; 'w'])

B.6 MKERKBBELENCHE

1 function dy = chua4(t, y)

2 global ratio

3

4 R = 2e3 * 0.01 * ratio; % TTEW[Aa9E ok
5 dy = zeros(4,1); 7 (z,y,z,w)

6 a = 10; /7

7 b = R72 * 100e-9 / 20e-3; 7

8 hx = h(y(1), R); 7 h(z)

9 c =hx / yQ); % #&E ljp T LA ¢

10 gl = R/60;

1 g2 = 0.05;

12 J = [ —ax(1+c), a, 0, 0;

13 1, -1, s 0;

14 0, ~-b, 0, b;

5 0, 0, -g2, —gl*g2 1; % %, J =& Jacobi 4EM%, ljp HBHI AT,
16 dy = J * y;

17 end

B.7 MKZTEKEBENE

1 format long
2 tspan = 0:1e-3:100;
3 J tspan = 0:1e-1:10000;

o % y0 = [7.045, 6.35, 11.3, -0.41141"'; % /)
s 4 yo = [-6.8, 0, 6.6, -0.18]"; % X

6 y0 = [1, 0, 0, 0]'; % {2

7 yO = [-1.304260264359203 -0.000203087732367 0.043343573728164
o X RIT

s 4 yo = [0.01, 0, O, O]'; % O

-0.035852955611932] ;
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9 global ratio

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

4

42

43

44

45

46

47

48

49

50

51

52

53

A% s [1, 0, 0, 0]

% ratio = 83.7; % MRHI|F
% ratio = 89.3; J K% AM
% ratio = 94; 4 FRI|T
% ratio = 96; J S JEH

A ratio = 99; ) FER

% ratio = 50; % WIRIR

0; % A%

% ratio = 50; % KR

4 ratio

A%l [-1.304260264359203 -0.000203087732367  0.043343573728164 -0.035852955611932]

% ratio = 91.9; % 1AM
% ratio = 50; J MIKIR

% ratio = 0; J A%

% ratio = 75; ) MR 5|F
4 ratio = 93.5; J EIE)E
% ratio = 94.6; J HEIZEAM
% ratio = 94; % #R35|F
ratio = 98.29; 7 ¥ M

/4 ratio = 95.415;

% zy

/ ratio = 98.5+0;

[t, y] = ode45('chua4d', tspan, y0);
plot(y(20000:end, 1), y(20000:end,2),"LineWidth",2)
xlabel('x")

ylabel('y')

N TYyz

plot3(y(20000:end,1), y(20000:end,2), y(20000:end,3),"LineWidth",2)
xlabel('x")

ylabel('y")

zlabel('z")

5 Tyw

plot3(y(20000:end,1), y(20000:end,2), y(20000:end,4),"LineWidth",2)
xlabel('x")

ylabel('y"')

zlabel('w')

A yzw
plot3(y(20000:end,2), y(20000:end,3), y(20000:end,4),"LineWidth",2)



54

55

56

57

58

59

60

6

62

63

64

65

66

67

68

69

70

7

72

73

74

75

S}

IS

ks R B SLE 11

xlabel('y")
ylabel('z")
zlabel('w')

7% zw

plot(y(20000:end,3), y(20000:end,4),"LineWidth",2)
xlabel('z")

ylabel('w')

AR

plot (y(20000:end,2), y(20000:end,4),"LineWidth",2)
xlabel('y")

ylabel('w')

7 Tz

plot(y(20000:end,1), y(20000:end,3),"LineWidth",2)
xlabel('x")

ylabel('z")

%zt yt zt wt
plot(t,y,"LineWidth",2)
legend(['x';'y‘;'z';'w'])

B.8 PUPYZERECEHER Poincaré BR5H

clear

format long

tspan = 0:1e-1:10000;

A yo = [7.045, 6.35, 11.3, -0.41141"'; % /)
% y0 = [-6.8, 0, 6.6, -0.18]"'; % K

%4 yo =[1, 0, 0, 0]'; % 1%

yO = [-1.304260264359203 -0.000203087732367  0.043343573728164

o 4 RAT

global ratio

4 ratio = 0; % HZ%&

4 ratio = 50; J MIRIR

% ratio = 75; }§ MRI|F
% ratio = 91.9; % 1% )8
% ratio = 93.5; } flEEAH
% ratio = 94; J FR3|T
4 ratio = 94.6; J EIE)JA
ratio = 98.29; 7 £ )i
sol = ode45(Q@chua4, [tspan(l) tspan(end)], yO0);

-0.035852955611932] ;
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v ss = deval(sol, tspan)';
20 s = ss(20000:end,:);

21

» aa = 0;

» bb = 0;

u cc = 1;

2 dd = O}

6 p = —4;

27 func = ( aa*s(:,1) + bb*s(:,2) + cc*s(:,3) + dd*s(:,4) + p ) > 0;

28 func_n = (func(l:end-1)>0) & (xor(func(l:end-1),func(2:end)));

20 M = find(func_n==1);

30

51 t_intsec = -(aa*s(m,1) + bb*s(m,2) + cc*s(m,3) + dd*s(m,4) + p) ./ (aa*s(m+1,1) - s(m,1

o ) + bbx(s(m+1,2)-s(m,2)) + ccx(s(m+1,3)-s(m,3)) + dd*x(s(m+1,4)-s(m,4)));
s(m,1) + (s(m+1,1)-s(m,1)) .* t_intsec;
s(m,2) + (s(m+1,2)-s(m,2)) .* t_intsec;

3 X_map

3 y_map
s z_map = s(m,3) + (s(m+1,3)-s(m,3)) .* t_intsec;
s w_map = s(m,4) + (s(m+1,4)-s(m,4)) .* t_intsec;
36

v 4 figure

1 /4 scatter3(z_map, y_map, z_map, ".")

w ) zlabel('z')

w % ylabel('y')

a ) zlabel('z")

42

s J figure

wu J scatter3(z_map, y_map, w_map, ".")

s % zlabel('z')

% 4 ylabel('y')

s ) zlabel('w')

48

4 figure

s scatter3(x_map, y_map, w_map, ".")

st xlabel('x")

52 ylabel('y")

s3 zlabel('w')

54
ss figure

ss H = plot(x_map, z_map);

s7 set(H, 'linestyle', 'none', 'marker', '.', 'markersize', 5)
ss xlabel('x")

s9 ylabel('z")

6 /4 hold on

61/ drawnow

62



63

64

65

66

67

68

69

70

7

72

73

IS}

20

21

22

23

24

25

26

27

28
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/4 figure
4 H=plot(y_map, z_map);
/s set(H, 'linestyle', 'mone', 'marker', '.', 'markersize', 5)

/4 zlabel('y')
4 ylabel('z')

figure

H = plot(x_map, y_map);

set(H, 'linestyle', 'none', 'marker', '.', 'markersize', 5)
xlabel('x")

ylabel('y")

B9 MKETERESZE

clear
format long
tspan = 0:1e-3:100;

% y0 = [7.045, 6.35, 11.3, -0.4114]'; % /s
% yo = [-6.8, 0, 6.6, -0.18]"'; } K
% yo = [1, 0, 0, 0]'; % 412

yO = [-1.304260264359203 -0.000203087732367 0.043343573728164 -0.035852955611932] ;
A Tl

global ratio

for ratio = 50:0.01:120
sratio
sol = ode45(Qchua4, [tspan(l) tspan(end)], yO0);
ss = deval(sol, tspan)';
s = ss(10000:end,:);

aa = 0;

bb = 1;

cc = 0;

dd = O;

p =0; % F@ii y=0

func = (aa*s(:,1) + bb*s(:,2) + cc*s(:,3) + dd*s(:,4) + p ) > 0;

func_ n = (func(l:end-1)>0) & (xor(func(l:end-1),func(2:end)));

m = find(func_n==1);

t_intsec = -(aa*s(m,1) + bb*s(m,2) + cc*s(m,3) + dd*s(m,4) + p) ./ (aa*s(m+1,1) - s

« (m,1) + bb*(s(m+1,2)-s(m,2)) + cc*(s(m+1,3)-s(m,3)) + dd*(s(m+1,4)-s(m,4)));

x_map = s(m,1) + (s(m+1,1)-s(m,1)) .* t_intsec;
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29 y_map = s(m,2) + (s(m+1,2)-s(m,2)) .* t_intsec;

30 z_map = s(m,3) + (s(m+1,3)-s(m,3)) .* t_intsec;

31 w_map = s(m,4) + (s(m+1,4)-s(m,4)) .* t_intsec;

32

33 H = plot(ratio*ones(size(s(m,1))), x_map);

34 set(H, 'linestyle', 'mone', 'marker', '.', 'markersize', 1, "Color", 'red')
35 hold on

36 drawnow

37 end

38

3 xlabel ('R (%) ")
w0 ylabel('x")
41 ylim([—7,7])

B.10 PUBZEEKEEER Lyapunov 358

1 function dX = chua4 LE(t, X)
2
3 global ratio

4

2e3 * 0.01 * ratio; / T B [A44H 4tk

"
]

6 = 10; 7

7 b = R72 * 100e-9 / 20e-3; /7

8 gl = R/60;

9 g2 = 0.05;

10

i x=X(1);

12 y=X(2);

13 z=X(3);

14 w=X(4);

15 Y= [X(5) X(9) X(13) X(17);

16 X(6) X(10) X(14) X(18);

17 X(7) X(11) X(15) X(19);

18 X(8) X(12) X(16) X(20)]1;

19 dX=zeros(16,1);

20

21 hx = h(x, R); 7 h(z)

2 c =hx / x; Z#=x ljp XA ¢
2 J_ 1jp = [ —ax(1+c), a, 0, 0;
2 1, -1, 1, 0;
25 o, -b, 0, b;
2 0, 0, -g2, -gl*g2 1; 4 %, J =& Jacobi 4%, ljp HHyTRAf,

27 dX(1:4) = J_1jp * X(1:4);

28
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2 Jaco = [ -ax(1+m(x,R)), a, O, 0;

30 1, -1, 1, 0;

31 0, -b, 0, b;

2 0, 0, -g2, —gl*g2 1; 7 X A4y Jacobs
33 dX(5:20) = Jaco*Y;

34 end

B.11 PUBYEEECEEE Lyapunov 3S3it

clear

IS}

format long

3 J tspan = 0:1e-3:100;

4 7 yo [7.045, 6.35, 11.3, -0.4114]'; % /I

s 4 yo [-6.8, 0, 6.6, -0.18]"; % K

s y0 = [1, 0, 0, 01'; 7% [f%

VAR, [-1.304260264359203 -0.000203087732367  0.043343573728164 -0.035852955611932]; % "R 5|+

9 global ratio

0 figure

12 ratio_range = 50:0.5:120;

13 for i=1:length(ratio_range)

14 ratio = ratio_range(i);

15 /) [T, Res] = lyapunov(4, @chuaj_LE, @ode45, 0, 0.5, 600, y0, 0);
16 [T, Res] = lyapunov(4, @chuad_LE, @ode45, 0, 5, 100, y0, 0);

17 Lyapunov1(i) = Res(end,1);

18 Lyapunov2(i) = Res(end,2);

19 Lyapunov3(i) = Res(end,3);

20 Lyapunov4 (i) = Res(end,4);

T ratio

» / H = plot(ratio, Res(end,:)); hold on

3/ set(H, 'linestyle', 'none', 'marker', '.', 'markerstize', 10, "Color", 'yellow')
u /) draumow

25 end

26

27 plot(ratio_range, Lyapunov1(:),"LineWidth",2); hold on
33 plot(ratio_range, Lyapunov2(:),"LineWidth",2); hold on
» plot(ratio_range, Lyapunov3(:),"LineWidth",2); hold on
3 plot(ratio_range, Lyapunov4(:),"LineWidth",2); hold on
31

» legend(['x Jyff]'s'y Jifl'; 'z Jrl s 'w Jifl' D)

1 xlabel ('R (%) ')

3+ ylabel ('Lyapunov Exponent')

3 ylim([-0.8,1.0])
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